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ABSTRACT

Methods for designing supersonic stator and
rotor blading corrected for boundary layer displace-
ment thickness are summarized. Computer programs
based on these methods have been reported in NASA
publications. Analytical blade losses for blading
of this type are presented and design limitations
resulting from consideration of flow separation and
supersonic starting are discussed. In addition, a
summary of the experimental performance of a single-
stage turbire designed by these methods is given.

INTRODUCTION

A supersonic turbine stage is one in which the
absolute velocity at the nozzle exit and the rela-
tive velocity at rotor inlet are supersonic. Super-
sonic turbines have potential application in turbo-
pump and open-cycle auxiliary power systems (;)1,
where high-energy fluids are used and high pressure
ratios are available. In addition, their use in high
temperature turbo-engines for primary propulsion sys-
tems has recently been proposed (2). This interest
in supersonic turbines has created a need for both
analytical design methods and experimental data for
this type of turbine.

Computer programs for the design of supersonic
turbine blading have been described in (3,4). The
stator blading consists of sharp-edged throat noz-
zles designed to produce uniform parallel flow at the
blade exit. The rotor blading is designed to produce
a blade-to~blade free-vortex flow within the passage.
Blade loscés are accounted for analytically in the
design procedure by correcting the ideal profiles for
boundary layer displacement thickness. Losses due to
mixing the flow to uniform conditions downstream of
the blades are considered in the design method. How-
ever, other blade losses, such as shock formation or
flow separation that may occur in an actual turbine
are not accounted for.

The experimental performance of a single-stage
partial-admission supersonic turbine designed by
these methods has been recently reported in (5). The
turbine was tested over a range of pressure ratios
from 20 to ‘150 and equivalent speeds from 20 to
100 percent of design.

This paper summarizes both the analytical design
procedure and the experimental results obtained. The

lNumbers underlined in parentheses designate refer-
ences at end of paper.
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analytical loss characteristics for typical stator
and rotor blading are also presented. In addition,
the design limitations imposed by consideration of
flow separation, blade solidity, and supersonic
starting problems are discussed.

SYMBOLS

a speed of sound, m/sec (ft/sec)

[ blade chord, m (ft)

C specific heat at constant pressure, J/(kg) (K)
P (Btu/ (1b) (°R))

G blade spacing, m (£ft)

Hi incompressible form factor

h specific enthalpy, J/kg (Btu/lb)

I moment of inertia, N-m-sec2 (ft—lb—secz)

M Mach number

m slope of speed versus time curve, rad/sec2

P pressure, N/m2 (1b/ft2)

R radius of turbine, m (ft)

Re Reynolds number, w/uoR

\ L]
ReR rotor Reynolds number, pr’zcwzlu2

Ret nozzle throat Reynolds number, poytﬁt/uo

T temperature, K (°R)

t time, sec

U blade speed, m/sec (ft/sec)

v velocity, m/sec (ft/sec)

Vj velocity corresponding to isentropic expansion

from inlet total pressure to exit static pres—

sure, Y240hj4, m/sec (ft/sec)
W relative velocity, m/sec (ft/sec)
w mass~-flow rate, kg/sec (lb/sec)
y width, m (ft)
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o nozzle flow angle from}axial direction, deg
Y specific heat ratio
v*  specific heat ratio at U.S. standard conditionms,

1.4
8 p;/ p*

v KX_Z‘L)Y/Y_I
€ gamma function, ;— ( * N 1>Y*/Y 1
2
n blade efficiency
ng turbine static efficiency
*

Ocr (vcr/vcr)2
i coefficient of viscosity, kg/(m)(sec)

(1b/ (ft) (sec))
v blade-jet speed ratio, Um/Vj
p density, kg/m3 (lb/fts)
a blade solidity, C/G
T torque, N-m (ft-1b)
w rotative speed, rad/sec
Subscripts:
acc acceleration
er critical
dec deceleration
f full admission
fs free-stream
id  ideal
L lower surface
m mean
n nozzle or stator
R rotor
r relative to rotor
t nozzle throat
u upper surface
X axial
0 stator inlet
1 stator exit
2 stator aftermixing state (also rotor inlet)
3 rotor exit
4 rotor aftermixing state

Superscripts:

' total conditions

* U.S. standard conditions
TURBINE DESIGN

The design of both the stator and rotor blading
is accomplished in a similar manner. First, the
ideal passage (stator or rotor) is designed by the
method of characteristics as applied to the isen~
tropic flow of a perfect gas. Boundary layer param-
eters are then calculated for the ideal passage and
the final profile is obtained by correcting the
ideal profile for the displacement thickness. A
stator and a rotor designed in this manner are shown
in figures 1 and 2, respectively.

Stator Blades

The design of the ideal stator blading is based
on establishing uniform parallel flow at the blade
exit in the minimum possible distance. The computer
program described in (6) is used for this purpose.

A typical sharp-edged-throat nozzle of this type
(shown in fig. 1) consists of three sections: (1) a
converging section, (2) a diverging section, and

(3) a straight section. The converging section pro-
duces the flow turning with small losses and is not
designed by the computer program. The symmetric
diverging section accelerates the flow to the de-
sired free—-stream Mach number at the blade exit. The
straight line segment, parallel to the flow direc-
tion, completes the nozzle profile.

The boundary layer parameters (displacement and
momentum thicknesses) are calculated using the com-
puter program described in (7). The program uses
Cohen and Reshotko's method (8) for laminar boundary
layers and Sasman and Cresci's method (9) for turbu-
lent boundary layers. Curvature effects are not
considered in these methods, For flows in highly
favorable pressure gradients, as occur in the stator,
the laminar results are extrapolated by the method
described in (8). Transition from laminar to turbu-
lent flow, if it occurs, is predicted by the program,
or the user may force transition at any station in
the nozzle.

A complete description of the computer program
for the design of supersonic nozzles corrected for
boundary layer displacement thickness is given in
(3). The program input consists primarily of the
nozzle exit Mach number, nozzle angle, specific heat
ratio, and total flow conditions. The program output
gives the corrected nozzle profile.

Rotar Blades

The design of the ideal rotor blading is based
on establishing vortex flow within the blade passage
by a procedure similar to that described in (10).
The computer program described in (1l), based on this
procedure, is used for the calculation of the ideal
passage. A typical passage (shown in fig. 2) con-
sists essentially of three major parts: (1) inlet
transition arcs, (2) circular arcs, and (3) outlet
transition arcs. The inlet transition arcs (upper
and lower surfaces) are required to convert the uni-
form parallel flow at the passage inlet into vortex
flow. The concentric circular arcs turn and maintain
the vortex flow condition. The outlet arcs reconvert
the vortex flow into uniform parallel flow at the



passage exit. Straight line segments, on the suction
surface, parallel to the inlet and outlet flow direc-
tions complete the passage.

The ideal rotor passage is designed so that the
outlet spacing is less than the inlet spacing (see
fig. 2). This is necessary since it is required that
the ideal passage corrected for boundary layer dis-
placement thickness have equal inlet and outlet spac-
ings. For an ideal passage designed for equal inlet
and outlet Mach numbers, this is accomplished by
having less circular turning for the outlet portion
of the passage than for the inlet portion. An iter-
ative procedure is required to determine the circular
turning necessary to give equal spacings.

A complete description of the computer program
for the design of supersonic rotor blades corrected
for boundary layer displacement thickness has been
given in (4). The program input consists essen-
tially of the inlet and exit Mach numbers, flow
angles, specific heat ratio, circular arc Mach num-
bers, and total flow conditions. The program output
consists of the corrected rotor passage and the
boundary layer parameters.

A number of input options related to the bound-
ary layer calculations are also available to the
user. For laminar boundary layers the program will
generally predict separation in the rotor for fairly
small adverse pressure gradients. The program
allows for the reattachment of the flow and continu-
ation of the calculations for turbulent flow, if
this is desired. As discussed previously, the user
can also force transition to turbulent flow at any
station, including the inlet.

ANALYTICAL LOSS CHARACTERISTICS

The displacement and momentum thicknesses at the
blade exit (stator and rotor) can be used to calcu-
late the aftermixing conditions downstream of the
blade row assuming that the flow mixes to a uniform
state. Application of the continuity, momentum, and
energy equations results in the determination of the
aftermixing Mach number, flow angle, pressure ratio,
and kinetic energy loss. The calculation procedure
has been described in (12). The mixing losses ob-
tained in this manner are for two-dimensional blade
rows. A method of estimating three-dimensional
losses from two-dimensional losses is given in (13).

Subsonic and supersonic aftermixing axial Mach
number solucions are possible for this loss model
when the free-stream axial Mach number at the blade
exit (before mixing) 1s supersonic. As discussed in
(14), the subsonic axial Mach number solution corre-
sponds to mixing plus oblique shock losses, whereas
the supersonic axial Mach number solution corresponds
to shockless mixing. As indicated in (14), the
supersonic solution may not be physically possible
in a turbine unless there is an increase in the
annulus area.

Stator Blade Efficiency
The analytical stator blade efficiency is de-

fined as
n_ = )
no\Y2,14

where Vj; is the stator aftermixing velocity, and
V2,id is the ideal velocity obtained by isentropic
expansion to the stator aftermixing static pressuire,
The analytical stator blade efficiency as a function
of stator flow angle is shown in figure 3 for stators
designed for a free-stream Mach number of 3.5. As
expected, the efficiency for the supersonic solution
is higher than for the subsonic solution because of
the absence of shock losses for the supersonic solu-
tion. For the subsonic solution, as the flow angle
a; decreases the oblique shock across the exit plane
approaches a normal shock, resulting in a large de-
crease in efficiency. The aftermixing Mach number,
flow angle, and pressure ratio, as well as the re-
sults for different Mach number levels can be found
in (14). The aftermixing conditions are also given
as part of the output of the computer program for the
stator design 3.

Rotor Blade Efficiency
The analytical rotor blade efficiency is defined

as
< WA 2 |
n, = (2)
R \¥,1a
where W, is the rotor aftermixing relative velocity,
and W, ;4 1is the ideal relative velocity obtained

by isentropic expansion to the rotor aftermixing
static pressure. The analytical efficiency as a
function of lower-~ and upper-surface Mach number is
shown in figure 4 for rotors designed for a relative
inlet Mach number of 2.5. Since a low Reynolds num-
ber example was chosen, two cases were considered:
(1) laminar separation with reattachment (the momen-
tum thickness before and after separation being as-
sumed equal) and, (2) turbulent flow forced at the
inlet. The laminar separation model gives larger
blade losses because the laminar portion of the cal-
culations results in larger momentum thicknesses as
compared with the corresponding turbulent calcula-
tion. The blade efficiency increases when either the
lower-surface Mach number decreases or the upper-
surface Mach number increases. This is expected
since these changes increase the passage width which
results in a smaller percentage of the passage being
occupied by the boundary layer. These results as-
sumed that the turbulent boundary layer does not sep-
arate. The problems associated with decreasing the
lower-surface Mach number or increasing the upper-
surface Mach number is discussed in the next section.

The aftermixing Mach numbers, flow angles, and
pressure ratios,corresponding to this example can be
found in (15). The aftermixing conditions are also
part of the output of the computer program for the
rotor design (4).

DESIGN LIMITATIONS

Decreasing the lower-surface Mach number or in-
creasing the upper~surface Mach number tends to in-
crease the rotor blade efficiency. While this is de-~
sirable, other factors such as flow separation, blade
solidity, and supersonic starting must be considered
before a blade design is selected.

- Flow Separation

For the laminar boundary layer calculations, the
computer program will generally predict separation
for fairly small adverse pressure gradients. This was



discussed previously. For turbulent boundary layers,
the calculations also give an indication whether flow
separation will occur. This information is obtained
from the distribution of the incompressible form

- factor H; along the blade surfaces. A typical dis-
tribution of H; and the corresponding surface Mach
number distribution is shown in figure 5. Turbulent
separation usually occurs for values of Hjy from

1.8 to 2.4 (16). It is seen that turbulent separa-
tion is possible on both the lower- and upper-
surfaces of the blade. Separation on the lower-
surface, if it occurs, is probably not as important
since the flow would tend to reattach shortly down-
stream. The maximum value of H; along either sur-
face generally occurs at the end point (point I and
F of fig. 5) of the transition arc.

The effect of the lower- and upper-surface Mach
number on the maximum value of the incompressible
form factor H; 1is shown in figure 6. The maximum
value of H. increases (the probability of separa-
.tion increases) when either the lower-surface Mach
number decreases or the upper-surface Mach number
increases. These same changes in surface Mach number
were previously found to increase the rotor blade
efficiency. An optimum rotor blade design would
therefore be expected to occur for a blade in which
the lower— and upper-surface Mach numbers are chosen
such that turbulent separation is imminent on each
surface.

Blade Solidity
The effect of the lower- and upper-surface Mach

number on blade solidity is shown in figure 7. The
solidity decreases as the lower-surface Mach number
decreases or the upper-surface Mach number increases.
For a constant blade chord, this means that the num-
ber of blades decrease, which is desirable from
practical considerations. However, these trends in
surface Mach number increase the probability of tur-
bulent separation.

Supersonic Starting .

The mechanism by which supersonic flow is estab-
lished within the rotor passage must be known if the
blade sections are to be designed properly. It is
usually assumed (10) that a normal shock wave spans
the rotor blade entrance at the instant of starting.
The passage must therefore be designed large enough
to permit the shock to pass through, if supersonic
flow is to be established. For given surface Mach
numbers, which fixes the amount of passage contrac-
tion, there exists a maximum value of the inlet Mach
number for which supersonic flow can be established.
The maximum inlet Mach number M. , as a function
of the lower- and upper~surface Mach numbers is
shown in figure 8. Increasing the lower- and upper-
surface Mach number increases the maximum value of
the inlet Mach number, which is desirable from
starting considerations. However, increasing the
upper-surface Mach number tends to increase the
probability of flow separation. A compromise between
these opposing tendencies must sometimes be made in
an actual design. It should be emphasized that the
supersonic starting restriclion applies only if a
normal shock is present at the instant of starting.
In some cases this restriction may not be fully
applicable as indicated by the experimental investi-~
gation presented in (17)-.

EXPERIMENTAL PERFORMANCE

The experimental performance of a single-stage

partial admission supersonic turbine operating at a
low Reynolds number is presented in this section. A
brief description of the apparatus and the test pro-
cedure is also given. Purther details on the experi-
mental work can be found in (5).

General Turbine Design Characteristics

The turbine was aerodynamically designed to
operate using hydrogen-oxygen combustion products at
a turbine inlet temperature of 1389 K (2500 R) and
a mean blade speed of 731.5 m/sec (2400 ft/sec). The
specific heat ratio was 1.356. The turbine was
tested using room temperature air at equivalent de-
sign conditions which were:

Specific work,
th/8.p . .
Mean blade speed,
Un/Voep. « « « . . . . . .136.9 m/sec (449.0 ft/sec)
Mass flow,
whp €/8. . . . . . 0.00336 kg/sec (0.00739 lb/sec)
Pressure ratio, p;/p4. O X |

10.56x10% J/kg (45.44 Btu/lb)

The turbine had a mean diameter of 0.218 m
(8.6 in.) and a hub-tip radius ratio of 0.923. The
admission was 9.27 and the design air Reynolds number
Re was approximately 75 000 based on blade height.
The velocity diagram is shown in figure 9.

The stator was designed, by the method described
previously, for a free-stream Mach number before mix-
ing of 3.65. The subsonic axial Mach number solution
was used for the mixing calculations and resulted in
a 12% loss in total pressure. The aftermixing Mach
number was 2.85. The stator which consisted of two
nozzles, whose throat dimension was 0.112 cm
(0.044 in.), is shown in figure 10.

The rotor was designed, by the method described
previously, assuming a turbulent boundary layer at
the inlet., It was recognized that the boundary layer
was probably laminar (because of the low Reynolds
number) but the laminar separation and reattachment
optiomn was not available at the time of the design.
The rotor was designed for a lower- and upper-surface
Mach number level of 1.75 and 2.38, respectively.

The aftermixing calculations resulted in a calculated
turbine static efficiency of 50%. The rotor which
consisted of 170 blades, whose solidity was 3.2, is
shown in figure 11.

Apparatus and Instrumentation

The apparatus used for the investigation con-
sisted of a single-stage turbine, a flywheel to ab-~
sorb the power output of the turbine, and an inlet
and outlet piping system. A sketch of the turbine
assembly is shown in figure 12. The turbine shaft
was vertical, stationary, and hollow to facilitate
cooling of the solid lubricated bearings.

The turbine assembly was enclosed in a vacuum
tank that connected into a low-pressure exhaust sys-
tem. Pressurized air, which was dried and filtered,
passed through a pressure regulator before entering
the stator. The stator was choked for all test con-
ditions investigated and was flow calibrated prior
to installation. After leaving the turbine, the air
was exhausted into the low-pressure exhaust system.
With a fixed exhaust pressure, the inlet pressure was
remotely regulated to obtain the desired pressure
ratio across the turbine.

The turbine was instrumented so that over-all



turbine performance data could be obtained. Pres-
sures were measured at the turbine inlet and in the
vacuum tank. Temperatures were measured at the tur-
bine inlet and on the bearing inmer races. The ro-
tational speed of the turbine was obtained by use of
2 Hall generator in conjunction with a small magnet
embedded in the flywheel. Rotation of the flywheel
caused a series of pulses to be generated by the
Hall crystal, with the frequency of the pulses being
proportional to the rotational speed of the turbine.

Procedure

The experimental tests were conducted by oper-
ating the turbine at constant pressure ratios. The
inlet pressure was regulated to obtain the desired
pressure ratio. The turbine speed was allowed to
vary from zero to slightly over equivalent design
speed, at which point the air flow to the turbine
was terminated. During the acceleration and decel-
eration of the turbine the speed variation was re-
corded. The inertia of the flywheel was selected so
that the turbine accelerated to the design speed in
a few minutes. .

The static efficiency ng was obtained from

n = Ah 3)

p \O-1) /v
ctT'{1 - <—4>
po Py

where p /p' is the static-to-total pressure ratio
across the turbine. The specific work Ah was cal-
culated from the relation

Tw
Ah = 5 (4)
and the torque <t from
-1
t=147 (5

The moment of inertia 1 of the rotating
assembly was determined experimentally. The turbine
acceleration rate dw/dt was obtained from the tur-
bine speed versus time plot. A typical plot is
shown in figure 13 and consists of two regions:

(1) an accelerating region in which the turbine is
producing work over and above that lost due to bear-
ing friction and windage, and (2) a deceleration
region in which the turbine is producing no work
(zero flow); the deceleration being caused by the’
bearing friction and windage losses. The turbine
acceleration rate dw/dt was calculated from

<Y
€

(6)

=m - m
t acc dec

o

where m,.. and mg,. are the slopes of the speed
versus time curve in the accelerating and decelerat-
ing regions, respectively. In effect, this proce-
dure does not take into account the windage losses.
In other words, the experimental efficiency pre~
sented herein is the efficiency level that would be
obtained from the turbine if it operated with zero
windage losses. In certain space applications,
where the turbine would operate in a hard vacuum,
the windage losses would be negligible. In other
situations, the windage losses must be charged to
the turbine.

Stator Pressure Distribution

The pressure distribution of the stator was
measured prior to testing the turbine. Static pres-
sure taps were located along the divergent and
straight section of the nozzle to obtain these meas-
urements. For the full turbine tests the nozzles
were not instrumented.

The pressure distribution in the nozzle was ob-
tained at design and off-design conditions and is
shown in figure 14. At the design pressure ratio,
the agreement between theory and experiment is good
for the divergent portion of the nozzle. Along the
straight section, where the pressure should be theo-
retically constant, the pressure first decreases be-
low design and then increases. This behavior which
is apparently caused by expansion and shock waves
forming on the straight section, would be expected to
adversely affect rotor performance if it persisted in
the full turbine. Typical nozzle off-design behavior
is seen to occur at higher than design static-to~
total pressure ratios, with the pressure increasingly
sharply within the nozzle due to shock wave forma-
tion.

Turbine Efficiency

The static efficiency ng is shown in figure 15
as a function of blade-jet speed ratio for constant
speeds. The total~to-static pressure ratio was
varied from 20 to 150 while the speed varied from 20
to 100 percent of design. As explained in the Pro-
cedure Section, the experimental efficiency presented
in figure 15 is the efficiency that would be obtained
if the turbine operated with zero windage losses.
Since the other partial admission losses (i.e., ex~-
pansion and filling losses) are estimated to be
small, a comparison between the experimental and the
analytical results (which have not been corrected for
partial admission losses) is permissible. For design
pressure ratio and speed the static efficiency was
0.39 which is 11 percentage points lower than the
analytically predicted value.

A number of possible explanations are offered
for this discrepancy. The nozzle performance, which
was shown to deviate from design (because of appar-
ent shock formation) would tend to decrease the tur-
bine efficiency. This would result from an adverse
effect on the rotor performance and also possibly
from increased turbine leaving losses. As indicated
previously, the design procedure was based on bound-
ary layer calculations which were assumed turbulent
throughout the rotor. A laminar boundary layer would
give higher rotor blade losses, as would separation
of the flow. The measured efficiency level, however,
is in reasonable agreement with that obtained from a
similar type of turbine (17).

The maximum efficiency obtained at any fixed
speed occurred at or near the design pressure ratio.
The rapid drop-off of the efficiency at off-design
pressure ratio is typical of supersonic turbines and
similar to trends found in reference (18).

CONCLUDING REMARKS

Methods for designing supersonic stator and
rotor blading corrected for boundary layer displace-
ment thicknes: are sumwarized. Computer programs
based on these methods have been reported in refer-
ences (3) and (4). Analytical blade losses for
blading of this type are presented and design limita-
tions resulting from consideration of flow separation



and supersonic starting are discussed. The experi-
mental performance of a single~stage turbine de-
signed by these methods and reported in (5) is also
summarized.

The experimental results indicated a turbine
efficiency level well below that predicted analyti-
cally. A number of sources of additional losses not
accounted for in the design method, including shock
losses, laminar boundary layer losses and flow separ-
atio. are offered as a possible explanaticn for this
discrepancy. Iore work is necessary in oruer to bet-
ter identify tnese locses so that they may be incor-
porated in the design method.
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Figure 12. - Cross-sectional view of supersonic turbine.
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Figure 15. - Turbine efficiency versus blade-jet speed ratio.
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